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Abstract
In the paper we consider the generalization of the conjunc-
tive rule in the theory of imprecise probabilities. Let us
remind that the conjunction rule, produced on credal sets,
gives their intersection and it is not defined if this intersec-
tion is empty. In the last case the sources of information are
called contradictory1. Meanwhile, in the Dempster-Shafer
theory it is possible to use the conjunctive rule for contra-
dictory sources of information having as a result a non-
normalized belief function that can be greater than zero at
empty set. In the paper we try to exploit this idea and in-
troduce into consideration so called generalized credal sets
allowing to model imprecision (non-specificity), conflict,
and contradiction in information. Based on generalized
credal sets the conjunctive rule is well defined for contra-
dictory sources of information and it can be conceived as
the generalization of the conjunctive rule for belief func-
tions. We also show how generalized credal sets can be
used for modeling information when the avoiding sure loss
condition is not satisfied, and consider coherence condi-
tions and natural extension based on generalized credal
sets.

Keywords. Imprecise probabilities, conjunctive rule, gen-
eralized credal sets, contradictory sources of information.

1 Introduction

In the theory of imprecise probabilities [18, 7, 1] there
are many models for describing uncertainty: credal sets,
upper and lower probabilities, lower and upper coherent
previsions, sets of desirable gambles, etc. But in any case,
we can equivalently represent the information with the help
of sets of probability measures. As one can check, up to
now there are no many works concerning the case when
the available information is contradictory, i.e. the avoiding
sure loss condition is not satisfied.

1 We will use next the term “contradictory” because the traditional
term “conflict” is also used by identifying another type of uncertainty
described by probability measures.

By the way, in evidence theory [15, 8, 16] there is a possible
way to describe contradiction based on transferable belief
model. In this model we can describe contradictory infor-
mation by assigning non-zero values to the corresponding
belief function at empty set2. In this paper we will try to
exploit this idea that leads to some generalizations of the
theory of imprecise probabilities, in particular based on this
idea it is possible to extend the conjunctive rule (C-rule)
for aggregating belief functions for more general theories
of imprecise probabilities [3, 4].

Let us notice that in the literature one can find results con-
cerning the aggregation rules for imprecise probabilities
[17, 9, 14, 13]. The rule from [17] deals with lower previ-
sions and generalizes the pooling method for aggregation
of probability measures. In [9] the aggregation rule is based
on an idea that non-conflicting information should be ag-
gregated in conjunctive manner and conflicting information
should be aggregated in disjunctive manner. In [14] the
proposed aggregation rules are based on modeling the inter-
action among expert’s opinions. Authors of [13] try to get
the aggregation rule for credal sets with properties close to
the C-rule but their rule is based on some heuristic algorith-
mic procedure.

The paper has the following structure. Sections 2 and 3
remind some definitions from the theory of monotone mea-
sures, belief functions and the theory of imprecise prob-
abilities. Then in Sections 4 and 5 we describe the basic
rules of aggregation in general theories of imprecise prob-
abilities and investigate the connection of these rules to
the combination rules in evidence theory. After that we try
to generalize the C-rule firstly (Section 6) for probability
measures, and secondly (Section 7) for general models of
imprecise probabilities using so-called generalized credal
sets. Based on generalized credal sets it is possible to model
contradiction in information and introduce analogous no-
tions and constructions as in traditional theory of imprecise
probabilities like coherence and natural extension, as shown
in Section 8.

2This statement will be clarified in the next sections.
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2 Some Definitions and Notations from the
Theory of Non-additive Measures

Let X be a non-empty finite set and let 2X be the power set
of X . We will consider set functions on the algebra 2X of
various types: monotone measures, probability measures,
lower and upper probabilities. A set function µ : 2X → [0,1]
is called

1) normalized if µ(∅) = 0 and µ(X) = 1;

2) monotone if A,B ∈ 2X and A⊆ B implies µ(A)≤ µ(B);
3) additive if µ(A)+µ(B) = µ(A∩B)+µ(A∪B) for all

A,B ∈ 2X ;

4) 2-monotone if µ(A)+µ(B)≤ µ(A∩B)+µ(A∪B) for
all A,B ∈ 2X ;

5) 2-alternating if µ(A)+µ(B)≥ µ(A∩B)+µ(A∪B) for
all A,B ∈ 2X ;

6) a monotone measure if it is monotone and normalized;

7) a probability measure if it is additive and normalized;

8) a belief function if there is non-additive set function
m : 2X → [0,1] called the basic belief assignment (bba)
such that ∑A∈2X m(A) = 1 and µ(B) = ∑A⊆B m(A).

The following operations on set functions are defined:

a) convex sum: µ = aµ1+(1−a)µ2, where a∈ [0,1], and
µ(A) = aµ1(A)+(1−a)µ2(A) for all A ∈ 2X ;

b) µ1 ≤ µ2 if µ1(A)≤ µ2(A) for all A ∈ 2X ;

c) µd is the dual of µ if µd(A) = 1−µ(A) for all A ∈ 2X ,
and A denotes the compliment of A.

Let us remind that the theory of evidence models uncer-
tainty with the help of belief functions. In this theory (e.g.
transferable belief model) we describe contradiction us-
ing non-normalized belief functions, i.e. it is possible that
Bel(∅)> 0 for belief function Bel. Let Bel be a belief func-
tion with the bba m. Then

- the set A ∈ 2X is a focal element for Bel if m(A)> 0;

- the set of all focal elements is called the body of evidence;

- Bel is called categorical if its body of evidence contains
only one focal element. Any categorical belief function
η〈B〉 with focal element B can be computed as

η〈B〉(A) =

{
1, B⊆ A,
0, otherwise.

- Bel is a probability measure iff m(A) = 0 for all A ∈
2X with |A| ≥ 2. In this paper we also consider non-
normalized probability measures P for which P(∅)> 0.

- any belief function µ has the following representation
through categorical belief functions:

Bel = ∑
B∈2X

m(B)η〈B〉.

In the sequel we will use the following notations:

• Mpr is the set of all probability measures on 2X and Mpr
be the set of all probability measures including also non-
normalized probability measures.

• Mbel and Mbel are sets of all belief functions on 2X and
the bar indicates that belief functions from Mbel may be
non-normalized.

• Mmon is the set of all monotone measures on 2X .

• M2-mon is the set of all 2-monotone measures on 2X .

• if M is a family of set functions, then we denote Md ={
µd |µ ∈M

}
. For example, Md

bel denotes the set of all
plausibility functions, which are dual to belief functions,
or Md

2-mon is the set of all 2-alternating measures on 2X .

3 Models of Imprecise Probabilities: Lower
and Upper Probabilities and Credal Sets

Assume that µ : 2X → [0,1] is a set function that gives us
lower bounds of probabilities. Then this function avoids
sure loss iff there is a probability measure P∈Mpr such that
µ ≤ P. If the avoiding sure loss condition is not fulfilled,
then the information described by µ is contradictory. Any
non-contradictory lower probability function µ defines the
non-empty set of probability measures

P(µ) =
{

P ∈Mpr|P≥ µ
}

called the credal set. Generally, a set P of probability mea-
sures is called a credal set if it is convex and closed.

Analogously the model of upper probabilities is introduced.
Let us suppose that ν : 2X → [0,1] gives us the upper
bounds of probabilities. Then this function avoids sure
loss iff there is a probability measure P ∈ Mpr such that
ν ≥ P. In this case we call an upper probability function
non-contradictory and describe it by a credal set

P(ν) =
{

P ∈Mpr|P≤ ν
}
.

We can equivalently replace the model based on lower
probabilities by the model based on upper probabilities.
For this purpose we transform any lower probability µ to
the upper probability µd . It easy to show that

{
P ∈Mpr|P≤ µd

}
=
{

P ∈Mpr|P≥ µ
}
,

i.e. the corresponding credal sets coincide.

Let us introduce also coherent lower and upper probabilities.
A non-contradictory lower probability µ is called coherent
if for any A ∈ 2X there exists P ∈ Mpr such that µ(A) =
P(A) and µ ≤ P, in other words,

µ(A) = inf{P(A)|P ∈ P(µ)} ,

where P(µ) =
{

P ∈Mpr|P≥ µ
}

.
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Analogously, a non-contradictory upper probability ν is
called coherent if for any A ∈ 2X there exists P ∈Mpr such
that ν(A) = P(A) and ν ≥ P, in other words,

ν(A) = inf{P(A)|P ∈ P(ν)} ,

where P(ν) =
{

P ∈Mpr|P≥ ν
}

.

Coherent lower probabilities and coherent upper proba-
bilities are connected with the dual relation, i.e. if µ is a
coherent lower probability then µd is the coherent upper
probability. We can also generate a coherent lower proba-
bility µ and coherent upper probability ν using a credal set
P by formulas:

µ(A) = inf{P(A)|P ∈ P} ,
ν(A) = sup{P(A)|P ∈ P} ,

where A ∈ 2X , and obviously, ν = µd in this case.

Let µ be a non-contradictory lower probability. Then we
can improve lower bounds of probabilities using the natural
extension. It is defined as

µcoh(A) = inf{P(A)|P ∈ P(µ)} ,

where A ∈ 2X . Clearly, µcoh is a coherent lower probability.

Let us remind that any credal set can be equivalently defined
with the help of lower previsions. Let K′ be a subset of the
set K of all real functions of the type f : X → R. In some
cases we assume that K′ = K. Then lower previsions on K′

are defined by the functional E : K′→ R. This functional
defines the credal set

P(E) =
{

P ∈Mpr

∣∣∣∣∀ f ∈ K′ : ∑
x∈X

f (x)P({x})≥ E[ f ]
}
.

If the credal set P(E) is empty then lower previsions do
not satisfy the avoiding sure loss condition and we say
that lower previsions contain contradiction. In some sense
lower previsions can be understood as lower bounds of
expectations of random variables in K′. The model based
on lower previsions is more general than the model based
on lower probabilities because we obtain the last model if
we assume that K′ = {1A}A∈2X , where

1A(x) =

{
1, x ∈ A,
0, x /∈ A,

is the characteristic function of the set A. We can improve
the lower bounds of expectations using the procedure called
the natural extension

E ′[ f ] = inf
{

∑
x∈X

f (x)P({x})
∣∣∣∣P ∈ P(E)

}
.

Note that this procedure is not defined if P(E) = ∅. Let
us remind that the functional E defines coherent lower
previsions if E ′[ f ] = E[ f ] for all f ∈ K′.

Analogously, upper previsions are introduced. Any func-
tional E : K′ → R can be conceived as upper previsions.
The upper previsions are not contradictory (or avoid sure
loss) iff the credal set

P(E) =
{

P ∈Mpr

∣∣∣∣∀ f ∈ K′ : ∑
x∈X

f (x)P({x})≤ E[ f ]
}
.

is not empty. We can improve the upper bounds of expecta-
tions using the natural extension:

E ′[ f ] = sup
{

∑
x∈X

f (x)P({x})
∣∣∣∣P ∈ P(E)

}
.

If E ′[ f ] = E[ f ] for all f ∈ K′, then E is a coherent lower
prevision. Let us notice that we can equivalently describe
uncertain information by lower or upper previsions. If the
functional E : K′→ R describes the lower previsions then
we can equivalently describe the same information by upper
previsions defined by

E[ f ] =−E [− f ]

for all − f ∈ K′.

4 The Conjunctive and Disjunctive Rules
for Aggregating Sources of Information

Consider n sources of information described by credal sets
P1, . . . ,Pn. Then there are several possible ways for aggre-
gating this information that depends on prior assumptions.
If we suppose that each source of information is reliable
then we can aggregate them using intersection of the corre-
sponding sets:

P = P1∩·· ·∩Pn.

This rule of aggregation is called the conjunctive rule (C-
rule). It is easy to see that if we describe credal sets with the
help of lower probability functions µ1, . . . ,µn, then C-rule
can be represented as

µ = µ1∨·· ·∨µn,

where ∨ is the maximum operation. The last formula is
justified because in this case

P(µ) = P(µ1)∩·· ·∩P(µn)

If we describe sources of information by upper probabilities
µ1, . . . ,µn, then the C-rule is clearly expressed with the
minimum operation ∧ as

µ = µ1∧·· ·∧µn

Analogously, the conjunctive rule is expressed in models
based on lower previsions Ei : K′→R, i= 1, . . . ,n, or upper
previsions E i : K′→ R, i = 1, . . . ,n, as

E = E1∨·· ·∨En, E = E1∧·· ·∧En. (1)
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We would like to emphasize that there are other rules for
aggregation of information sources. If we know that at
least one source of information is reliable and all sources
of information are represented by credal sets P1, . . . ,Pn,
then we can use the disjunctive rule, in which the result is
the minimal credal set P that contains the corresponding
credal sets Pi, i= 1, . . . ,n. This disjunctive rule is expressed
through lower previsions Ei : K′→R, i = 1, . . . ,n, or upper
previsions E i : K′→ R, i = 1, . . . ,n, as

E = E1∧·· ·∧En, E = E1∨·· ·∨En.

The mixture rule can be used if we can evaluate the reliabil-
ity of information. Let us assume this reliability is given by
non-negative numbers ai, i = 1, . . . ,n, such that ∑n

i=1 ai = 1.
Then we can aggregate sources of information described
by credal sets Pi, i = 1, . . . ,n, as

P =

{ n

∑
i=1

aiPi

∣∣∣∣Pi ∈ Pi, i = 1, . . . ,n
}
.

The counterparts of this rule for lower previsions Ei : K′→
R, i= 1, . . . ,n, or upper previsions E i : K′→R, i= 1, . . . ,n,
are

E =
n

∑
i=1

aiE i or E =
n

∑
i=1

aiE i.

Let us notice that other possible rules of aggregation have
properties that more or less similar to the considered rules.

Let us observe that applying the C-rule is possible if the
resulting credal set is not empty. In the opposite case we say
that there is contradiction among sources of information.
Meanwhile, in evidence theory the C-rule is also applicable
if the sources of information are contradictory. In the next
section we will introduce such C-rules, considered in [4],
and give some hints about how they can be generalized in
the theory of imprecise probabilities.

5 Conjunctive Rules of Aggregation in
Evidence Theory, the Order of
Specialization

Let Bel1 = ∑A∈2X m1(A)η〈A〉 and Bel2 = ∑B∈2X m2(B)η〈B〉
be belief functions. Then the conjunctive combination rule
(C-rule)3 [10, 4] is defined by

Bel = ∑
A,B∈2X

m(A,B)η〈A∩B〉,

where m : 2X ×2X → [0,1] is such that
{

∑B∈2X m(A,B) = m1(A), A ∈ 2X ,

∑A∈2X m(A,B) = m2(B), B ∈ 2X .
(2)

3 In [4] such combination rules are called generalized Dempster-Shafer
rules.

Observe that we get the classical C-rule [8] if m(A,B) =
m1(A)m2(B) for any A,B ∈ 2X . The use of such general
rule can be explained using the interpretation of belief func-
tions through random sets. A random set ξ is a random
variable taking its values in 2X . Any such random variable
can be defined by probabilities P(ξ = A) and these prob-
abilities can be identified with values m(A) in evidence
theory. Given two random sets ξ1 and ξ2 with values in 2X .
If we assume that these random sets are independent, then

P(ξ1 = A,ξ2 = B) = P(ξ1 = A)P(ξ2 = B).

The using of the classical C-rule means that from two
sources of information described by independent random
sets ξ1 and ξ2 we obtain a new random set ξ defined by

P(ξ =C) = ∑
A∩B=C

P(ξ1 = A)P(ξ2 = B).

Thus, the generalization of the classical C-rule can be got
if we suppose that random sets ξ1 and ξ2 can be dependent.
In this case we can only guarantee that the non-negative set
function m(A,B) = P(ξ1 = A,ξ2 = B) obeys (2).

Let us notice that the C-rule is not uniquely defined and
it can be also applied in a case, when the sources of infor-
mation are contradictory. The ways of choosing optimal
conjunctive combination rules according to several justified
criteria can be found in [4]. The main conclusion from [4]
is that an optimal C-rule should be chosen among Pareto
optimal C-rules w.r.t. the partial order on belief functions
called specialization.

Let Bel1 and Bel2 be belief functions with bbas m1 and
m2. We write Bel1 � Bel2 if Bel2 can be obtained from
Bel1 using a linear contraction transform Φ : 2X × 2X →
[0,1], i.e. m2(B) = ∑A∈2X Φ(A,B)m1(A), and the set func-
tion Φ : 2X × 2X → [0,1] has the following properties:
∑B∈2X Φ(A,B)= 1 for any B∈ 2X and Φ(A,B)= 0 if B 6⊆A.
The partial order � is called specialization. It is easy to
show [11] that Bel1 � Bel2 implies Bel1 ≤ Bel2, but the op-
posite is not true in general. The main results [4] showing
the connections of C-rules and the order � are given in the
next propositions.

Proposition 1 If Bel is the result of a C-rule applied to
Bel1,Bel2 ∈ Mbel, then Bel1 � Bel and Bel2 � Bel. Fur-
thermore, each minimal element of the set

Bel(Bel1,Bel2) =
{

Bel ∈Mbel|Bel1 � Bel,Bel2 � Bel
}

w.r.t. the order � for arbitrary Bel1,Bel2 ∈ Mbel can be
obtained by a C-rule.

This result shows that the optimal choice of a C-rule should
be made to get the best approximation of the set function
max{Bel1,Bel2} and this choice should obviously be made
in the set of minimal elements of Bel(Bel1,Bel2) w.r.t. �
that can be obtained by so called Pareto optimal C-rules.
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Proposition 2 The order � is equivalent to the order ≤
on the set Mpr. In addition if Bel ≤ P for P ∈ Mpr and
Bel ∈MBel, then Bel� P. Furthermore,

Bel(A) = inf{P(A)|P ∈ P(Bel)} ,

where P(Bel) =
{

P ∈Mpr
∣∣Bel� P

}
.

Remark 1 Proposition 2 shows that in evidence theory any
belief function can be equivalently represented by P(Bel)
that may be called a generalized credal set. Such a construc-
tion with a slightly different definition will be introduced
in the next section. Clearly, the above proposition allows
us to write

P(Bel) =
{

P ∈Mpr
∣∣Bel≤ P

}
.

Let Bel1,Bel2 ∈Mbel. Then we denote by R(Bel1,Bel2) the
set of all possible belief measures that can be obtained
by C-rules applied to Bel1 and Bel2. Then the amount of
contradiction between Bel1 and Bel2 by C-rules can be
computed as

Con(Bel1,Bel2) = inf
{

Bel(∅)
∣∣Bel ∈ R(Bel1,Bel2)

}
.

Let us observe that this measure of contradiction (or con-
flict) is considered in many papers [4, 5, 6, 10], where au-
thors show that Con(Bel1,Bel2) has better properties than
a measure of contradiction based on the classical C-rule.

Proposition 3 Let P(Beli) =
{

P ∈Mpr
∣∣Beli ≤ P

}
, where

Beli ∈Mbel, i = 1,2. Then

Con(Bel1,Bel2) = inf{P(∅)|P ∈ P(Bel1)∩P(Bel2)} .

Thus, in this section we has shown that it is possible to
extend the model of non-normalized belief functions on
more general theories of imprecise probabilities using gen-
eralized credal sets, and this problem will be investigated
in the next sections.

6 The Conjunctive Rule for Probability
Measures Admitting Contradiction

Let us consider the case when we have two sources of
information described by probability measures P1 and P2.
These sources of information are absolutely contradictory
if we can divide the space X on two disjoint subsets A and B
such that P1(A) = 1 and P2(B) = 1. In other words, sources
of information support that events A and B are certain, but it
is not possible because these events are disjoint. In classical
logic false implies anything, thus we can write

P1∧P2 =
∧

Pi∈Mpr

Pi = ηd
〈X〉,

where ηd
〈X〉 describes the result of conjunction of all possi-

ble probability measures on 2X . Now we will try to general-
ize the above rule for two probability measures that are not

absolutely contradict each other. In this case we can divide
probability measures on 2 parts:

P1 = (1−a)P(1)
1 +aP(2)

1 , P2 = (1−a)P(1)
2 +aP(2)

2 ,

where a∈ [0,1], P(i)
k ∈Mpr, i = 1,2, k = 1,2, and P(1)

1 , P(1)
2

are parts of probability measures that don’t contradict each
other, i.e. P(1)

1 = P(1)
2 , and probability measures P(2)

1 , P(2)
2

are absolutely contradict each other. The value

Con(P1,P2) = a = 1− ∑
xi∈X

min{P1({xi}),P2({xi})}

is called the amount of contradiction and the above mea-
sures are defined by the following formulas:

P(1)
1 ({xi}) = P(1)

2 ({xi}) =
1

1−a
min{P1({xi}),P2({xi})},

where xi ∈X and a< 1 (if a= 1, then a measure P(1)
1 =P(1)

2
is defined arbitrary);

P(2)
1 ({xi}) =

1
a

(
P1({xi})− (1−a)P(1)

1 ({xi})
)
,

P(2)
2 ({xi}) =

1
a

(
P2({xi})− (1−a)P(1)

2 ({xi})
)
,

where xi ∈ X and a > 0 (if a = 0, then absolutely contra-
dictory measures P(2)

1 , P(2)
2 are defined arbitrary).

Example 1 Assume that X = {x1,x2,x3}. In this exam-
ple any probability measure P can be described by a
vector

(
P({x1}),P({x2}),P({x3})

)
. Let the probability

measures P1 and P2 be defined by the following vectors:
P1 = (0.4,0.2,0.4) and P2 = (0.2,0.4,0.4). Then a = 0.2,
P(1)

1 = P(1)
2 = (0.25,0,25,0.5), P(2)

1 = (1,0,0), and finally
P(2)

2 = (0,1,0).

Let us observe that measures P(2)
1 , P(2)

2 are absolutely con-
tradictory, because P(2)

1 ({x1}) = 1 and P(2)
2 ({x2}) = 1 for

disjoint sets {x1} and {x2}.

Summarizing we introduce the following definition.

Definition 1 The C-rule for probability measures P1,P2 ∈
Mpr is defined as

P1∧P2 = ∑
xi∈X

min{P1({xi}),P2({xi})}η〈{xi}〉+aηd
〈X〉,

where a = 1−∑xi∈X min{P1({xi}),P2({xi})}.
Example 2 Consider probability measures P1 and P2 from
Example 1. Then

P1∧P2 = 0.8P(1)
1 +0.2ηd

〈X〉

= 0.2η〈{x1}〉+0.2η〈{x2}〉+0.4η〈{x1}〉+0.2ηd
〈X〉.
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Let X = {x1, . . . ,xn}. In the next we will describe the con-
tradiction in information using measures of the type

P =
n

∑
i=1

aiη〈{xi}〉+a0ηd
〈X〉, (3)

where ai ≥ 0, i = 0, . . . ,n, and ∑n
i=0 ai = 1. Observe that

P ∈Mpr if a0 = 0 4, and P is understood as a contradictory
lower probability. If a0 > 0, then the value a0 gives us the
amount of contradiction. The set of all possible measures,
represented by (3), is denoted by Mcpr. Let us notice that
Mpr ⊆Mcpr.

Remark 2 Note that the set functions in Mcpr are plausi-
bility functions with bba m such that m(A) = 0 if 1 < |A|<
|X |.

It is possible to describe the C-rule with the order ≤ on
Mcpr considered as a partially ordered set.

Lemma 1 Let P1,P2 ∈ Mcpr and P1 = ∑n
i=1 aiη〈{xi}〉 +

a0ηd
〈X〉, P2 = ∑n

i=1 biη〈{xi}〉+b0ηd
〈X〉. Then P1 ≤ P2 iff ai ≥

bi, i = 1, . . . ,n.

Corollary 1 Let P1, . . . ,Pm ∈Mcpr and defined by

Pk =
n

∑
i=1

a(k)i η〈{xi}〉+a(k)0 ηd
〈X〉

for k = 1, . . . ,m, then the exact upper bound of P1, . . . ,Pm
in Mcpr is

P =
n

∑
i=1

ciη〈{xi}〉+ c0ηd
〈X〉,

where ci = min{a(1)i , . . . ,a(m)
i } for i = 1, . . . ,n, and c0 =

1−∑n
i=1 ci.

Remark 3 Corollary 1 implies that the C-rule of proba-
bility measures P1,P2 ∈ Mpr is the exact upper bound of
the set {P1,P2}. Thus, we define next the C-rule for arbi-
trary measures P1, . . . ,Pm ∈Mcpr as the exact upper bound
of the set {P1, . . . ,Pm} in Mcpr. This bound is denoted as
P1∧·· ·∧Pm.

Example 3 Let we take probability measures P1 and
P2 from Example 1, and the probability measure P3 =
(0.4,0.4,0.2), then

P1∧P2∧P3 = 0.2η〈{x1}〉+0.2η〈{x2}〉+0.2η〈{x3}〉+0.4ηd
〈X〉.

7 Generalized Upper and Lower Credal
Sets

Observe that using measures from Mcpr we can describe
contradictory and conflicting information. Let us remind
(see e.g. [12, 2] for details) that pure conflict is described
by probability measures, and the theory of imprecise prob-
abilities allows us to model conflict and non-specificity

4 Observe that if P ∈Mpr , then P = ∑n
i=1 P({xi})η〈{xi}〉.

(imprecision) in information, and non-specificity is caused
by uncertainty in choosing a “true probability measure”
among possible alternatives. If we try to describe imprecise
information with some contradiction and conflict we should
consider subsets of Mcpr. Let us observe the following. Let
P1 ∈ Mcpr, then P2 ∈ Mcpr with P2 ≥ P1 can be used for
describing the same information but with a greater amount
of contradiction. Thus, the subset P in Mcpr describing
imprecise information has to satisfy the following property:

a) P1 ∈ P, P2 ∈Mpr, P1 ≤ P2 implies that P2 ∈ P.

The next two properties are essential for the most models
of imprecise probabilities (cf. credal sets).

b) If P1,P2 ∈ P then aP1+(1−a)P2 ∈ P for any P1,P2 ∈ P
and a ∈ [0,1].

c) The set P is closed in a sense that it can be consid-
ered as a subset of Euclidean space (any P = a0ηd

〈X〉+

∑n
i=1 aiη〈{xi}〉 is a vector (a0,a1, . . . ,an) in Rn+1).

Summarizing we can introduce the following definition.
Definition 2 A subset P⊆Mcpr is called an upper gener-
alized credal set if it satisfies conditions a), b), c).

The C-rule for generalized upper credal sets can be defined
analogously as for usual credal sets.
Definition 3 Let P1, . . . ,Pm be non-empty credal sets in
Mcpr. Then the credal set P produced by the C-rule is de-
fined as P = P1∩·· ·∩Pm.

Let us introduce new concepts that help to understand this
definition. Let P be a credal set in Mcpr. A subset consisting
of all minimal elements in P is called the profile of P and
it is denoted by profile(P). Evidently, any profile uniquely
defines the corresponding credal set. If P describes infor-
mation without contradiction, then profile(P) is a credal
set in usual sense, i.e. profile(P)⊆Mpr. In particular, if we
have two credal sets P1,P2 in Mcpr with profile(Pi) ∈Mpr,
i = 1,2, then applying the C-rule gives us the profile:

profile(P1∩P2) = profile(P1)∧profile(P2).

Observe that any upper generalized credal set give us many
lower possible bounds of probabilities and each possible
value is characterized by contradiction. Let us denote the
amount of contradiction in P ∈Mcpr by Con(P). Then to
characterize the possible lower bounds of probabilities com-
puted by an upper generalized credal set P we introduce
into consideration the set function

µr(A) = inf{P(A)|P ∈ P,Con(P)≤ r} ,
where A∈ 2X and r ∈ [0,1] is the level of contradiction. The
set function µr can be interpreted as a lower probability for
the credal set P with a level of contradiction r.
Lemma 2 For any upper generalized credal set P:

µr(A) = inf{P(A)|P ∈ profile(P),Con(P)≤ r} .
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Remark 4 We can consider the generalized upper credal
sets whose profiles are credal sets in usual sense. In a case,
when profiles of upper generalized credal sets are credal
sets in usual sense, µr does not depend on r, and the con-
sidered model coincides with the model of imprecise prob-
abilities based on usual credal sets.

Example 4 Let X = {x1,x2,x3}. Then any

P = a1η〈{x1}〉+a2η〈{x2}〉+a3η〈{x3}〉+a0ηd
〈X〉

in Mcpr can be defined by the vector P = (a1,a2,a3,a0).
Consider upper generalized credal sets Pi, i= 1,2,3, whose
profiles are credal sets in usual sense:

profile(P1) = {aP1 +(1−a)P2|t ∈ [0,1]},
profile(P2) = {P3}, profile(P3) = {P4},

where

P1 = (2/3,0,1/3,0), P2 = (0,2/3,1/3,0),
P3 = (1/3,1/3,1/3,0), P4 = (1/3,1/2,1/6,0).

Let us find the profile of P1∩P2. It obviously consists of
minimal elements in the set

{
P′∧P′′|P′ ∈ profile(P1),P′′ ∈ profile(P2)

}
=

{P|P = (1/3, t,1/3,1/3− t), t ∈ [0,1/3]}∪
{P|P = (t,1/3,1/3,1/3− t), t ∈ [0,1/3]} .

The above set has only one minimal element, namely, P5 =
(1/3,1/3,1/3,0). Therefore, profile(P1∩P2) = {P5}.
Analogously, let us find the profile of P1∩P3. It consists
of minimal elements in the set

{
P′∧P′′|P′ ∈ profile(P1),P′′ ∈ profile(P3)

}
=

{P|P = (2t/3,1/2,1/6,1/3−2t/3), t ∈ [0,1/4)}∪
{P|P = (2t/3,2(1− t)/3,1/6,1/6), t ∈ [1/4,1/2]}∪
{P|P = (1/3,2(1− t)/3,1/6,2t/3−1/6), t ∈ (1/2,1]} .

The minimal elements of this set are tP6 +(1− t)P7, where
t ∈ [0,1], and

P6 = (1/6,1/2,1/6,1/6), P7 = (1/3,1/3,1/6,1/6).

Thus, profile(P1∩P3) = {tP6 +(1− t)P7|t ∈ [0,1]}.

Let us show next how it is possible to define lower bounds
of expectation. Consider first expectations w.r.t. measures
in Mcpr. If P ∈Mpr, then for any function f : X → R we
define the expectation EP( f ) as

EP( f ) = ∑
x∈X

f (x)P({x}).

We can extend the functional EP to the set of all measures
in Mcpr, using the considered interpretation of a measure

P∈Mcpr through the C-rule. Obviously, P=∧Pi∈Mpr |Pi≤PPi.
Then this C-rule is expressed through expectations EPi ,
Pi ≤ P, as (cf. formula (1))

EP =
∨

Pi∈Mpr |Pi≤P

EPi .

Lemma 3 For any P = a0ηd
〈X〉 + ∑n

i=1 aiη〈{xi}〉 and f :
X → R the value EP( f ) can be computed as

EP( f ) = a0 max
x∈X

f (x)+
n

∑
i=1

ai f (xi).

Let P be a credal set in Mcpr. We will define first the lower
expectation EP( f ) for non-negative functions f : X → R.
Let the set of all such functions be denoted by K+. Because
EP( f ) is the lower expectation, we can define this value for
any f ∈ K+ as

EP( f ) = inf
P∈P

EP( f ).

Example 5 Let P = P1∩P3, where P1∩P3 is defined in
Example 4, then

EP( f ) = min
{

EP6( f ),EP7( f )
}
,

where

EP6( f ) =
1
6

f (x1)+
1
2

f (x2)+
1
6

f (x3)+
1
6

max
xi∈X

f (xi),

EP7( f ) =
1
3

f (x1)+
1
3

f (x2)+
1
6

f (x3)+
1
6

max
xi∈X

f (xi).

Let us indicate some properties of EP on K+. In the next
we denote by R+ the set of all non-negative real numbers.
The function in K+ with values equal to a ∈ R+ is denoted
also by a. We write f1 ≤ f2 for f1, f2 ∈ K+ if f1(x)≤ f2(x)
for all x ∈ X .

Lemma 4 The functional EP on K+ has the following
properties:

1) EP(0) = 0; EP(1) = 1;

2) EP( f +a) = EP( f )+a for any f ∈ K+ and a ∈ R+;

3) EP(a f ) = aEP( f ) for any f ∈ K+ and a ∈ R+;

4) EP( f1)≤ EP( f2) for f1, f2 ∈ K+ if f1 ≤ f2.

Let us consider also the dual concept of generalized upper
credal sets. In this case we describe uncertainty by set
functions from the set Md

cpr. Any measure P in Md
cpr is

represented as

P = a0η〈X〉+
n

∑
i=1

aiη〈{xi}〉,

where ai ≥ 0, i = 0, . . . ,n, and ∑n
i=0 ai = 1, and it is con-

ceived as an upper probability. The value a0 shows the
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amount of contradiction. If a0 = 0, then P is a probability
measure. Evidently, measures from Md

cpr describe conflict
and contradiction in information and we can define the up-
per expectation EP( f ) for any f ∈ K w.r.t. arbitrary P in
Md

cpr through the Choquet integral:

EP( f ) =
∫

X
f (x)dP = a0 min

x∈X
f (x)+

n

∑
i=1

ai f (xi).

For describing conflict, contradiction and non-specificity
with the help of measures in Md

cpr, we introduce the notion
of lower generalized credal set.
Definition 4 A lower generalized credal set P is a non-
empty subset of Md

cpr with the following properties:

a) P1 ∈ P, P2 ∈Md
cpr, P1 ≥ P2 implies that P2 ∈ P.

b) if P1,P2 ∈P, then aP1+(1−a)P2 ∈P for any P1,P2 ∈P
and a ∈ [0,1].

c) P is closed set if we consider it as a subset of Eu-
clidean space (any P = a0ηd

〈X〉+∑n
i=1 aiη〈{xi}〉 is a vec-

tor (a0,a1, . . . ,an) in Rn+1).

The set of all maximal elements in a generalized lower
credal set P is called the profile of P and it is denoted by
profile(P). Emphasize that generalized lower and upper
credal sets are dual concepts, for instance, if P is a credal
set in Mcpr, then Pd is a credal set in Md

cpr; profiles of P and
Pd are also connected with the dual relation: profile(P)d =
profile(Pd); if P1, . . . ,Pm are credal sets in Mcpr, then the
expression for the C-rule is defined by the same way for
the credal sets in Mcpr and Md

cpr, and

(P1∩·· ·∩Pm)
d = Pd

1 ∩·· ·∩Pd
m.

The upper expectation EP( f ) of f ∈ K+ w.r.t. the credal
set P in Md

cpr is defined as follows:

EP( f ) = sup
P∈P

EP( f ).

It is easy to check that the functional EP obeys the same
properties as EP described in Lemma 4. The duality prop-
erty of functionals EP and EP on K+ is described in the
following lemma.
Lemma 5 EPd ( f ) = a−EP(a− f ), where P is a credal
set in Mcpr, f ∈ K+, and a = maxx∈X f (x).

Remark 5 In the next we will extend functionals EP and
EP on the set K of all real valued functions, assuming that
the property 2) from Lemma 4 is valid for functions in
K. Then for any f ∈ K the values EP( f ) and EP( f ) are
computed by

EP( f ) = EP( f )+a, EP( f ) = EP( f )+a,

where a = minx∈X f (x), and f = f − a. Clearly f ∈ K+

and there exists x ∈ X such that f (x) = 0. We will call such
functions normalized and keep the notation f (using lower
bar).

Example 6 Let us consider the lower generalized credal
set Pd = (P1∩P3)

d , where P1∩P3 is defined in Example
4. Then we can compute EPd ( f ) for any f ∈ K+ as

EPd ( f ) = max
{

EPd
6
( f ),EPd

7
( f )
}
,

where

EPd
6
( f ) =

1
6

f (x1)+
1
2

f (x2)+
1
6

f (x3)+
1
6

min
xi∈X

f (xi),

EPd
7
( f ) =

1
3

f (x1)+
1
3

f (x2)+
1
6

f (x3)+
1
6

min
xi∈X

f (xi).

Observe that for normalized functions 1
6 minxi∈X f (xi) =

0. Let us compute EPd ( f ) if f = ( f (x1), f (x2), f (x3)) =
(1,1,−3). Then minxi∈X f (xi) =−3, f = (4,4,0),

EPd
6
( f ) = EPd

6
( f )−3 =

4
6
+

4
2
+0−3 =−1

3
.

Let us notice that all properties formulated in Lemma
4 remain valid for functionals EP and EP on K. The
dual relation between EP and EP can be reformulated as
EPd ( f ) =−EP(− f ) for any credal set in Mcpr and f ∈ K.

The next lemma gives us the additional characteristic prop-
erty of EP, which, we will see later, helps us to describe
the whole set of functionals EP and EP.
Lemma 6 Let f

1
, f

2
, f

3
be normalized functions in K+

such that f
1
+ f

2
= f

3
. Then for any credal set P in Md

cpr

it is valid EP( f
1
)+EP( f

2
)≥ EP( f

3
).

Theorem 1 A functional Φ : K+→ R coincides with EP
on K+ for some credal set P in Md

cpr iff it has the following
properties:

1) Φ(0) = 0; Φ(1) = 1;

2) Φ( f +a) = Φ( f )+a for any f ∈ K+ and a ∈ R+;

3) Φ(a f ) = aΦ( f ) for any f ∈ K+ and a ∈ R+;

4) Φ( f1)≤Φ( f2) for f1, f2 ∈ K+ if f1 ≤ f2;

5) Φ( f
1
)+Φ( f

2
)≥Φ( f

3
) for any normalized functions

f
1
, f

2
, f

3
in K+ such that f

1
+ f

2
= f

3
.

8 Generalized Coherent Upper Previsions

Let K′ ⊆ K, where K is the set of all functions of the type
f : X→R, and let E : K′→R be the functional that defines
the upper previsions, that may not satisfy the avoiding
sure loss condition. Then E defines the non-empty lower
generalized credal set P in Md

cpr as follows:

P =
{

P ∈Md
cpr|∀ f ∈ K′ : EP( f )≤ E( f )

}
(4)

iff infx∈X f (x)≤ E( f ) for all f ∈ K′. Based on generalized
credal set P, we can define the natural extension of E by

E ′( f ) = sup
{

EP( f )|P ∈ P
}
= EP( f )

for all f ∈ K.
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Theorem 2 Let E : K′→ R be the functional that defines
the upper previsions. Then its natural extension E ′ : K→R
based on generalized credal sets can be computed as

E ′( f ) =

inf
{

∑
k

akE( fk)+a
∣∣∣∣∑

k
ak fk+a1≥ f , fk ∈K′,ak,a≥ 0

}
,

where f and fk are normalized functions, and E ′( f ) =
E ′( f )−b, E( fk) = E( fk)−bk, b = minx∈X f (x), and bk =
minx∈X fk(x).

9 Conclusion

In this paper we generalize the C-rule for general theories
of imprecise probabilities using the way of modeling con-
tradiction (conflict) in evidence theory. This allows us to
introduce upper and lower generalized credal sets and rep-
resent the C-rule as the intersection of corresponding gen-
eralized credal sets. The paper contains also some insights
of how this model can be used in the theory of imprecise
probabilities admitting contradiction.

Appendix5

Proof (Lemma 1) Necessity. Let P1 ≤ P2, then in particular,
P1 (X \{xi})≤P2 (X \{xi}), i= 1, . . . ,n, or equivalently, 1−ai≤
1−bi, or ai ≥ bi, i = 1, . . . ,n.

Sufficiency. Let ai ≥ bi, i = 1, . . . ,n, then

P1 =
n

∑
i=1

(
biη〈{xi}〉+(ai−bi)η〈{xi}〉

)
+a0ηd

〈X〉

≤
n

∑
i=1

(
biη〈{xi}〉+(ai−bi)ηd

〈X〉
)
+a0ηd

〈X〉 = P2.

Proof (Lemma 2) Because the set P is closed, we have P= {P∈
Mcpr|∃P′ ∈ profile(P) : P≥ P′}. This implies the required result.

Proof (Lemma 3) Because P is a plausibility function (2-alterna-
ting measure), the value EP( f ) is expressed through the Choquet
integral:

EP( f ) =
∫

X
f (x)dP = a0

∫

X
f (x)dηd

〈X〉+
n

∑
i=1

ai

∫

X
f (x)dη〈{xi}〉

= a0 max
x∈X

f (x)+
n

∑
i=1

ai f (xi).

In the last expression we use the additivity of the Choquet integral
w.r.t. the sum of measures, and also that

∫
X f (x)dη〈{xi}〉 = f (xi)

and
∫

X f (x)dηd
〈X〉 = maxx∈X f (x).

Proof (Lemma 5) Notice that the validity of EPd ( f ) = a−
EP(a− f ) for P ∈Mcpr follows from the properties of the Cho-
quet integral. By definition

EPd ( f ) = sup
Pd∈Pd

EPd ( f ) = sup
P∈P

(a−EP(a− f ))

= a− inf
P∈P

EP(a− f ) = a−EP(a− f ).

5Straightforward proofs are omitted.

Proof (Lemma 6) Because by definition the credal set P is
closed, there exists P ∈ P such that EP

(
f 3

)
= EP( f 3). Assume

that P = a0η〈X〉+∑n
i=1 aiη〈{xi}〉. Notice that in this case

EP( f k) =
n

∑
i=1

ai f k(xi), k = 1,2,3,

since minx∈X f k(x) = 0. Thus, EP( f 1)+EP( f 2) = EP( f 3). In
addition, clearly EP( f k) ≥ EP( f k), k = 1,2. This implies the
inequality from the lemma.

Proof (Theorem 1) Necessity follows from Lemma 4 (see Re-
mark 5) and Lemma 6. Let us prove sufficiency. It is sufficient
to show that for any normalized function f there is a P ∈Md

cpr
such that Φ( f ) = EP( f ) and Φ ≥ EP. Because f is normalized
there is xk ∈ X such that f (xk) = 0. Let us consider the set K′

of all functions f in K+ with f (xk) = 0. Let us notice that the
monotone functional Φ on K′ is sublinear, and by Hahn-Banach’s
Theorem there is a linear functional on K′

α( f ) =
n

∑
i=1

ai f (xi)

such that ai ≥ 0, i = 1, . . . ,n, ∑n
i=1 ai ≤ 1, α ≤ Φ and α( f ) =

Φ( f ). Obviously, we can assume that ak = 0. Introduce into con-
sideration

P = a0η〈X〉+
n

∑
i=1

aiη〈{xi}〉,

where a0 = 1−∑n
i=1 ai and show that Φ( f ) = EP( f ) and Φ ≥

EP. The equality Φ( f ) = EP( f ) is obvious. Let us show that
Φ(g) ≥ EP(g) for any g ∈ K+. Obviously, Φ(g) ≥ EP(g) iff
Φ(g)≥ EP(g). Notice that EP(g) = EP(g′), where g′(xi) = g(xi)

for i 6= k and g′(xi) = 0 otherwise. Since g′ ≤ g, we get EP(g) =
EP(g′)≤Φ(g′)≤Φ(g). The theorem is fully proved.

Proof (Theorem 2) Let us show first that functionals E and E ′

define the same credal set, i.e. the credal set P defined by (4) is
equal to

P′ =
{

P ∈Md
cpr
∣∣∀ f ∈ K : EP( f )≤ E ′( f )

}
.

The inclusion P′ ⊆ P is obvious. Let P ∈ P, then by our assump-
tion EP( fk)≤ E( fk) for fk ∈ K′ and

EP( f ) =
n

∑
i=1

P({xi}) f (xi)≤
n

∑
i=1

P({xi})
(

∑
k

ak fk(xi)+a

)

≤
n

∑
i=1

P({xi})∑
k

ak fk(xi)+a

= ∑
k

akEP( fk)+a

≤∑
k

akE( fk)+a.

Thus, P⊆ P′, i.e. P′ = P. Let us show that the functional E ′ obeys
all properties on K+ for functional Φ given in Theorem 1. It is
easy to check that properties 1), 2), 3), 5) are valid. Let us show
that the monotonicity property 4) is also satisfied. For this purpose
introduce into consideration the functional

Φ( f )= inf
{

∑
k

akE( fk)+a
∣∣∣∣∑

k
ak fk+a1≥ f , fk ∈K′,ak,a≥ 0

}

on K+. Evidently, E ′( f ) = Φ( f ) for every f ∈ K+. It is easy to
check that this functional on K+ has the following properties:
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1) Φ(0) = 0, Φ(1)≤ 1;

2) Φ(a f ) = aΦ( f ) for any f ∈ K+ and a ∈ R+;

3) Φ( f1)≤Φ( f2) for f1, f2 ∈ K+ if f1 ≤ f2;

4) Φ( f1)+Φ( f2)≥Φ( f3) for any functions f1, f2, f3 in K+ such
that f1 + f2 = f3.

By Hahn-Banach’s Theorem for every f ∈ K+ there is a lin-
ear functional on K+, α( f ) = ∑n

i=1 ai f (xi), such that ai ≥ 0,
i = 1, . . . ,n, ∑n

i=1 ai ≤ 1, α ≤ Φ and α( f ) = Φ( f ). We will use
next this functional for proving monotonicity of E ′. Consider
an arbitrary f ,g ∈ K+ such that f ≤ g. Let f = f + c. Then in-
equality E ′( f ) ≤ E ′(g) is equivalent to E ′( f ) ≤ E ′(g′), where
g′= g−c. Obviously, E ′( f )=Φ( f )≤Φ(g′). By previous conclu-
sions, there is a linear functional α( f ) = ∑n

i=1 ai f (xi) on K+ such
that ai ≥ 0, i = 1, . . . ,n, ∑n

i=1 ai ≤ 1, α ≤ Φ and α(g′) = Φ(g′).
Let P= a0η〈X〉+ ∑n

i=1 aiη〈{xi}〉, where a0 = 1−∑n
i=1 ai. It is easy

to see that P∈P and Φ(g′)≤EP(g′)≤E ′(g′), i.e. E ′( f )≤E ′(g′)
and E ′( f )≤ E ′(g).

Thus, we prove that the functional E ′ obeys all properties from
Theorem 1. This means that it is the natural extension of E.
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