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Background: Belief Functions (Shafer, 1976) and Necessity

Measures (Dubois, Prade, 1988)

@ Necessity measures on finite spaces treated as belief functions:

o Basic probability assignment (bpa): m : 2% — [0,1] with

> m(A)=1.
ACQ
o Associated belief function Bel : 27 — [0,1]: A 3. m(B).

BCA

o Focal sets are all sets A C Q with m(A) > 0.
o Set of all focal sets is denoted with F(Bel).

o A necessity measure (on a finite space) is a map N : 2% —; [0,1]
satisfying: VA, B € 2% : N(AN B) = min{N(A), N(B)}.
@ It can be shown that (mathematically,) a necessity measure N is a

special belief function, namely a belief function where all focal sets
are nested (i.e: VA,Be€ F(N): AC Bor BCA).
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The Core of a Belief Function

@ Object of interest: the core of Bel:
M(Bel) :={P e £2,|VACQ: P(A) > Bel(A)}.

e M(Bel) is a convex polytope that could be described by its extreme
points ext(M(Bel)).

@ Aim: describing the extreme points of the core of a necessity
measure (or more general, of a belief function).

@ In general, describing the extreme points of the core of lower
probabilities/previsions could be useful for:

o decision making under partial prior knowledge
o statistical hypothesis testing under imprecise probabilistic models
o describing the core of convex games in the context of game theory
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The core M(Bel)...
is obtained as all mass of focal sets A is transferred from the focal sets A
-m(A)

to elements w € A (Chateauneuf, Jaffray, 1989)
r{w}) = ¥ A({w})
Adw T

Vp € M(Bel)3 : =
T mass transfer A

probability measure p
Ay = {w2, w3, ws,ws }

m(As) = 0.4 >
A3 = {w27 w3>w4}
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The extreme points of the core satisfy:

[) All mass m(A) is transferred to exactly one state w € A.
1) If all mass m(A) is transferred to w and all mass m(B) is transferred
to w’ and if {w,w'} C AN B then w =w'.

1) 1I)
B
-
A
S — 4

< &> >€>

P ) o
T T T T 1 ﬂ T T T T 1 n

6/9 Georg Schollmeyer = Department of Statistics, LMU Munich



For a necessity measure...

The extreme points can be described by looking at focal sets with increasing
cardinality. Observation: The mass of a focal set Axy1 can be transferred

© either somewhere outside the previous focal set Ax:
For this one has |Axi1\A«| possibilities.

@ or somewhere into the previous focal set Ag:
Then the mass has to be transferred to the same w to which the mass of

the previous focal set Ay is transferred.
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Let N be a necessity measure with focal sets F(N) = {A1 C A2 C ... C An}.

© The number of extreme points of the core is given by

lext(M(N)] = [Ax| - [T (A\A—| +1).

k=2

© The number edges of the core M(N) is given by

1 m m
| edges(M(N))| = 7 - [Aa] - [TUANA ] +1) - (A =1+ D JA\Ac-a)
k=2 k=2
© Additionally, the combinatorial structure of the extreme points and edges
of the core only depends on the set {A1 C A2 C ... C An} of focal sets
and not on the concrete mass-values m(Ai), ..., m(An).
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More Details...
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