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Introduction

Introduction

Conformity of a marginal and a conditional lower prevision holds
when they can be derived from some joint by means of natural
extension.

We characterise conformity, also together with assumptions of
epistemic irrelevance and independence.

In addition, we also give a behavioural characterisation of the
strong product.
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Preliminary concepts

Coherence and separate coherence

Consider two possibility spaces X7, X», and let
L(X1 x Xp) :={f: &1 x A2 — R bounded}.

A functional P : L(X1 x X,) — R is a coherent lower prevision
when it is the lower envelope of a family of expectations with
respect to finitely additive probabilities.

Similarly, given x; € X1, P(+|x1) : L(X1 x X2) — R is a conditional
coherent lower prevision when it is the lower envelope of a family
of conditional expectations with respect to finitely additive
probabilities.

In that case, P(:|X1) := > , cx, b - P(:[x1) is a separately
coherent conditional lower prevision.
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Preliminary concepts

Marginalisation and conditioning

Let P be a coherent lower prevision on L£(A7 x X?).

Its restrictions to A7, X>-measurable gambles are its marginals
BX17BX2-

For any x; € A7, the conditional natural extension E(:|xy) is

sup{p : P(L(f —p)) =20} if P(x1) >0
infxex, f(x1,x) otherwise.

E(f|x) := {

It represents the conditional behavioural assessments that can be
derived from those modelled by P.
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Conformity of Py, P(-|X1)

Given Py, on L£(A1) and P(-|X1) on L(X71 x A2), we say that they
are conforming when there exists P on £(X; x X3) with marginal
P, and conditional natural extension P(:|X1).

> Py, P(-]X1) are conforming <= P(:|x1) is vacuous
whenever Py, (x1) = 0.

» If X7 is finite and there is some P conforming with
Py, P(-| A1), then the smallest one is Py, (P(:|X1)).
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Conformity and irrelevance

P is said to model X1-AX5 irrelevance when its conditional natural
extension E(-|X}) satisfies epistemic irrelevance:

E(f|x1) = E(f|x{) VX,-measurable f,Vx;, x; € Xj.

Py, Py, are conforming with X7-A5 irrelevance when there exists
P with marginals BXl’B/Yz and whose conditional natural
extension E(-|X}) satisfies

E(flx1) = P, (F(x1,-)) VF € L(Xy x &), ¥xq € Xy

This is not equivalent to P modelling A71-X) irrelevance and having
marginals Py, Py, .
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Set of conforming irrelevant joints

Let Pé’éxl’&@) be the set joints with marginals P, Py, and

satisfying conformity with X7-AXs-irrelevance.

> Pir Pr) # (0 <= either Py (x1) > 0 Vxy or Py, is

(PX17
vacuous.
> [Pirr is closed under lower envelopes.
(P, -Px,) P
» If Ay is finite and P, ) # (), the smallest model in this
(PxyPx,)

set is Py, (Px,) = le( (- ]Xl)), where P(-|X7) is derived
from Py, by irrelevance.

Thus, conforming natural extension=irrelevant natural extension
when X7 is finite (but not in general).
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Conformity and independence

We say that Py, , Py, are conforming with A3-A5 independence
when there exists P with marginals Py, , Py, satisfying

E(f|X1) = BXg(f(Xh )) Vf € ,C(Xl X XQ),X;[ e X

E(f|X2) = Bxl(f(',x2)) Vf € £(X1 X Xg),Xg € Xs.
Let ]P{’E’X1 Pry) be the set these compatible joints.

> Pl p) 70 <= (a) either Py (x1) > O for every xi or

P, is vacuous; and (b) either P, (x2) > 0 for every x» or

P, is vacuous.
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Connection with independence (1)

> If ]P)?EX]_?BJQ) # 0, then any independent product of Py, , Py,
ind

belongs to IP’(BX1 Pry)
. ind
> If A7, A, are finite and P(EX17BX2) # (), then the smallest
element of this set is the independent natural extension

BX1 ® BX2 :

Consider P with marginals BXI,B)Q, and the following condition:

B(f) < E(P)@(f’)ﬁ)) Vf € K(Xl X Xg), P)Q > EXQ' (]_)

> If X, is finite, then P < Py, X P, <= it satisfies (1)...

> ... but it need not be an independent product.
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Connection with independence (1)

For every x; € X1 and f € L(X1 x A2), let

fX12X1XX2 - R
(x1,x2) — f(x1,x2).

> If X1, Ab are finite, then P is an independent envelope <—

P(g—1)> mi)r} P(g— ) Vg, f e L(X x Xp)... (2)
X €4

> ...but not every prevision dominating P, X P, satisfies (2).
» Thus, Py, X Py, is the only model satisfying (1) and (2).
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Conclusions

Conclusions and open problems

Conclusions:
» Conformity clashes with the existence of zero lower
probabilities.

> In the finite case the conforming natural extension becomes
the irrelevant/independent natural extension.

» We have a behavioural characterisation of the strong product.
Open problems:

» Study this problem with other updating rules, like regular
extension.
» Extension to more than two models.

» Connection with sets of gambles.
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