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My boon companions

JASPER DE BOCK STAVROS LOPATATZIDIS



A discrete-time finite-state uncertain process

Uncertain variables X1, X2, . . . , Xn, . . . assuming values in some finite
set of states X .



A simple discrete-time finite-state uncertain process
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An event tree and its situations and paths

Situations are nodes in the event tree.

situation s = (x1,x2, . . . ,xn) = x1:n

The sample space Ω is the set of all paths.

path ω = (x1,x2, . . . ,xn, . . .) ∈X N

An event A is a subset of the sample space Ω: A⊆Ω.



Processes and process differences

A real process F is a real function defined on situations:

F (s) = 2 s

s,e F (s,e) =−5

D(s)

s,d F (s,d) = 9

s,c F (s,c) = 0

s,b F (s,b) =−3

s,a F (s,a) =−5

and its process difference:

∆F (s) = F (s ·)−F (s) ∈ G (D(s)) for all situations s



Sub- and supermartingales

We can use the local models Q(·|s) to define sub- and
supermartingales:

A submartingale M

is a real process such that in all non-terminal situations s:

Q(∆M (s)|s)≥ 0.

A supermartingale M

is a real process such that in all non-terminal situations s:

Q(∆M (s)|s)≤ 0.



Lower and upper expectations

The most conservative coherent lower and upper expectations on G (Ω)
that coincide with the local models and satisfy a number of additional
continuity criteria (cut conglomerability and cut continuity):

Conditional lower expectations:

E( f |s) := sup
{
M (s) : limsupM (s•)≤ f (s•)

}

Conditional upper expectations:

E( f |s) := inf
{
M (s) : liminfM (s•)≥ f (s•)

}



Test supermartingales and strictly null events

A test supermartingale T

is a non-negative supermartingale with T (�) = 1.
(Very close to Ville’s definition of a martingale.)

An event A is strictly null
if there is some test supermartingale T that converges to +∞ on A:

limT (ω) = lim
n→∞

T (ωn) = +∞ for all ω ∈ A.

If A is strictly null then

P(A) = E(IA) = inf
{
M (�) : liminfM ≥ IA

}
= 0.



SLLN for submartingale differences (De Cooman and
De Bock, 2013)

Consider any submartingale M such that its difference process

∆M (s) = M (s ·)−M (s) ∈ G (D(s)) for all non-terminal s

is uniformly bounded. Then liminf〈M 〉 ≥ 0 strictly almost surely, or in
other words

liminf
n→+∞

1
n

n

∑
k=1

∆M (X1, . . . ,Xk−1)(Xk) = liminf
n→+∞

1
n

[
M (X1, . . .Xn)−M (�)

]
≥ 0

In particular, for any real function f on X :

liminf
n→+∞

1
n

n

∑
k=1

[
f (Xk)−Q( f (Xk|X1:k−1)

]
≥ 0 strictly almost surely
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Consider any submartingale M such that its difference process

∆M (s) = M (s ·)−M (s) ∈ G (D(s)) for all non-terminal s

is uniformly bounded. Then liminf〈M 〉 ≥ 0 strictly almost surely, or in
other words
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In particular, for any real function f on X :

liminf
n→+∞

1
n

n

∑
k=1

f (Xk)≥ Q( f ) strictly almost surely



Imprecise Markov chains
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A simple discrete-time finite-state stochastic process
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An imprecise IID model
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An imprecise Markov chain
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Stationarity and ergodicity
The lower expectation En for the state Xn at time n:

En( f ) = E( f (Xn))

The imprecise Markov chain is Perron–Frobenius-like if for all marginal
models E1 and all f :

En( f )→ E∞( f ).

and if E1 = E∞ then En = E∞, and the imprecise Markov chain is
stationary.

In any Perron–Frobenius-like imprecise Markov chain:

lim
n→+∞

1
n

n

∑
k=1

En( f ) = E∞( f )

and

E∞( f )≤ liminf
n→+∞

1
n

n

∑
k=1

f (Xk)≤ limsup
n→+∞

1
n

n

∑
k=1

f (Xk)≤E∞( f ) str. almost surely.



The essence of the argument

From

liminf
n→+∞

1
n

n

∑
k=1

[
f (Xk)−Q( f (Xk)|Xk−1)

]
≥ 0 strictly almost surely

to

liminf
n→+∞

1
n

n

∑
k=1

[
f (Xk)−E∞( f )

]
≥ 0 strictly almost surely
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